are also discussed. structure and the representations of the constructed deformed Poincaré algebra tion of field theories with improved renormalization properties. The space-time structed. By imposing further constraints, the way is paved towards the construc A deformed Poincaré algebra that contains the exact Lorentz algebra is con 
1There exist Lorentz-invariant formulations of field theories on random lattices [10] . OCR Output is guaranteed as in the ordinary case.
to demand the existence of the exact Lorentz subalgebra in the dPA. In that case causality [8] . This creates problems with causality and the natural way to avoid such problems is again cone is not well defined since its angle is not uniquely specified and depends on the energy In addition, the light-cone depends on the energy of the photons. As a result the light Lorentz algebra either.
of generators (K,,Kj), (K;, P0) and (K;,Pj). Unfortunately, this dPA does not contain the has been obtained by Bacry [8] who directly considered general deformations for the sets sionful parameter it and the ordinary PA is recovered in the limit rc -> oo. The same result is performed; A very interesting feature of this construction is the introduction of a dimen (1) R-+oo , iRlogq->x' the anti-de Sitter radius R, the contraction the quantum group Oq(3, 2) using the Drinfeld-Jimbo method and after the introduction of lnonii contraction of the simple anti-de Sitter algebra O(3, 2) [4, 5] . Thus, one first constructs The other construction is based on the fact that the PA can be obtained by a Wigner obviously is not aligned with the strategy we would like to develop here. q-deformed four-vector, which is interpreted as the four-momentum This construction of the q-deformed Lorentz algebra, which is isomorphic to SLq(2, C) and associates to it a There exist, mainly, two possible constructions. The direct one involves the employment (dPA). a result another scheme must be found in order to construct a deformed Poincaré algebra the semi-direct sum of the Lorentz and the translation subalgebras: 'P *1 O(3, 1) ET4. As Lie algebra developed by Drinfeld and Jimbo [11] . However, the PA is not simple since it is There exists a well-established formalism to obtain the q-deformed counterpart of a simple with usual spin, which in turn is expected to facilitate their quantization.
Lorentz algebra. Among other things, this will permit us to define field theories for particles spirit we examine here deformations of the Poincaré algebra (PA), which do not affect the by the known renormalizable field theories describing elementary particle physics. ln this which will correspond to the (mass)2 in the ordinary case. OCR Output (13) f(P0) -13-13, have a Casimir invariant of the form mentioned two in the Introduction. Moreover we demand that the dPA thus constructed enveloping algebra. There are many ways to choose this subset, of which we have already generators, and the deformed algebra we are looking for will form a closed subset of this the enveloping algebra of the PA. The latter is generated by all possible polynomials of the seen as a deformation of the Poincaré algebra. Clearly this deformation will be defined in enlargement of the Lorentz algebra is not unique. The solution that we propose can be the Poincaré group. One of our main aims in the following is to show that the above The states of a free particle are then given by the unitary irreducible representations of of describing the quantum states of relativistic particles without using the wave equations.
The enlargement of the Lorentz group to the Poincaré group was proposed [13] as a way The PA has two quadratic Casimir invariants. They are the lengths of the momentum and Ki's and the commutation relations (2),(3), (lO) .
is a scalar. The PA contains the Lorentz algebra as a subalgebra, which is generated by Ji's boosts and translations, respectively; Pg corresponds to the energy and, according to eq. 
ipa,
[P1. Pnl (7) [Pu P1]
[Jn Pol (5) ifsjkpk,
i€1jkKk,
i€¢jkJk, Correspondingly, the Jacobi identity for the set (];,Kj, Pk) determines that H;) transforms [.] ;,0ljl = iégjktlk. identity to the set (J;, K;, P0), we conclude that ex; must be a vector, i.e.
The generators of the dPA have to satisfy the Jacobi identities. Applying the Jacobi Here 04;, B;) are functions of P0 and P).
[K;, Pj] = iB;j(P0, P). (15) the generators (P, K;):
way we write down generalized commutation relations (as compared to the ordinary PA) for non-commutativity in the P;'s would provide an infrared regularization. Proceeding in this choice is that we are interested here in introducing ultraviolet regularizations. Introducing relations among the generators (P0, H) (6), (7) as in the ordinary PA. The reason for the latter PA. Next we choose, for the purposes of the present paper, to keep also the commutation In this way the commutation relations (4), (5) remain unchanged as compared to the ordinary algebra unchanged we enlarge the set of generators (J;, K j) with a 3-vector P; and a scalar P0.
Let us discuss explicitly how the above features can be realized. Keeping the Lorentz Lorentz-invariant way.
well. Therefore one might find it quite striking that such a deformation can be done in a invariant of the form (13), were led considering a deformation of the Lorentz algebra as P-part. In fact the authors in ref. [5, 8] , who also demanded the existence of a Casimir think that it is impossible to define a Lorentz-invariant Casimir without deforming also its of the Casimir (11) , is that it only changes the PO-part of the latter. At first sight one might A very important feature of the Lorentz-invariant Casimir (13), which is a deformation
One can easily verify that the vector (33), (34) (23)- (31) has the characteristic feature that it contains the exact Lorentz algebra.
It should be noted that more general deformations can be performed as well However, where a(P0), 5(P0) satisfy eq.(23).
lJiv
In this way a minimally deformed Poincaré algebra is defined by the commutation relations (23) c1(P0)B'(P0) = 1.
As a result, in order to close the algebra, we must require that (26), (29) and by the algebra generated by the set (Ji, Ki, H), which satisfies the commutation relations zero only if H also annihilates [M As a result, the dPA acting on these states is realized and thus leaves the a(P0) unconstrained. The commutator [K;,;r2] acting on gives
In that case we see that eq. (21) to be ordinary PA in the low-energy region. This means that the low-energy behaviour of B has impose some physical requirements on the form of the H. An obvious one is to recover the Notice that the form of the B function is not specified by the dPA. Therefore one can where s = 0, §, 1, . . . is the spin, and will label the representations of the dPA. (2) hr cAs far as the energy is concerned, although it is still conserved, the energy P0 or U is where B0 is the eigenvalue of B(P0) on |M It is clear now that this algebra is 110 longer the non space-like momenta we see that P2 is always less than or equal to B2. If B' = 0 for some OCR Output of four-momenta exist: time-like (nz > 0), space-like (pz < 0) and null ones (pz = 0). For Let us now examine the X; spectrum. We recall that, in momentum space, three types This leads to a lattice pattern for the t-axis with lattice-spacing which is Hermitean with respect to the inner product (60) [8, 14] . It is easy to check that .. diip 6 2 P _ 2 2 6 a <f I y>-(2,,)., (B ( D) P -u ) (p¤)f (1¤)y(p) particle by Let us define the inner product of two vectors ] f), lg) on the Hilbert space of a massive continuous [12] .
is that for non-space-like regions a lattice structure emerges, whereas space-like ones are ordinary case we define time-like, space-like and null regions. The fundamental difference specify the lightcone at that point and are invariant under Lorentz transformations. As in the time point we can draw the curves given by equating expression (52) to zero. These curves functions of 1:;. As a result the space-time portrait looks like the following. At each space and a similar expression for`D' For space-like momenta these coefficients are continuous
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proceeding as before, one can find that the coeflicients Cn in eq. (57) [13]. Here we shall construct such representations for the dPA presented in section 2 and
The irreducible representations of the PA are associated with relativistic one-particle states 4 Representations of the deformed Poincaré group Uma..s.p¤.rt. < attempt to construct. Moreover, the present construction introduces an upper limit in the is expected to play a catalytic role in the quantization of the field theories that one might of the constructed dPA are the same as in the ordinary case, modulo the mass. This fact of the Poincaré algebra that leave the Lorentz one invariant. As a result the representations space-time symmetries. Specifically in the present paper we were looking for deformations much as possible of these features we were led to consider here minimal deformations of the successfully the non-gravitational interactions of elementary particles. In order to keep as
In this framework, consistent quantum field theories have been constructed; these describe can be understood in the framework of the representation theory of the Poincaré group.
to be invariant under Lorentz transformations, while the notion of an elementary particle ever, in these studies one has to take into account that so far the laws of physics are required motivated a considerable research interest in deformations of space-time symmetries. How
The hope that quantum theories with improved ultraviolet properties can be constructed has 5 Discussion in the masses labelling the representations.
the one defined in (32). Therefore the only difference in the one-particle states will appear dPA are the same as in the usual PA. The only Casimir that is different in the two cases is this redefinition leaves the Lorentz subalgebra unaltered and thus the representation of the redefinition of the generators (Ki, .] ,, H, P0) of the dPA results in the ordinary PA. However SU,(2) algebra and vice versa, when q is not a root of unity [15] . Similarly in our case the of SUq (2) it is known that, in general, a redefinition of the SU (2) We would like to thank L. Alvarez-Gaumé, H. Bacry, C. Bachas, A. Chakrabarti, E. Kiritsis, framework in another publication.
shall discuss in detail the question of quantum iield theories defined in the newly constructed
The latter leads to a non-local theory, which however is local in the momentum space. We larization due to higher derivative terms obtained from the expansion of B in powers of P0.
of view. This momentum space regularization can also be seen in the space-time as a regu theories are expected to behave as three-dimensional ones from the renormalization point by one unit the degree of their divergences. For instance, four-dimensional quantum field mass-shell condition (32). Then in these diagrams the fact that the energy is bounded relaxes field theories, loop diagrams involve exchanges of virtual particles that do not obey the on also an upper bound in the momentum for free particles. On the other hand, in quantum energy. The deformed quadratic Casimir (32) and the upper bound in the energy provide
